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A Remark on Lazarsfeld’s Approach to
Castelnuovo-Mumford Regularity
Ju¨rgen Rathmann
We derive new bounds for the Castelnuovo-Mumford regularity of the ideal sheaf of a complex
projective manifold of any dimension. They depend linearly on the coefficients of the Hilbert
polynomial, and are optimal for rational scrolls, but most likely not for other varieties. Our proof
is based on an observation of Lazarsfeld in his approach for surfaces and does not require the
(full) projection step. We obtain a bound for each partial linear projection of the given variety,
as long as a certain vanishing condition on the fibers of a general projection holds.
Introduction
Consider a reduced irreducible complex projective variety X ⊂ Pr of dimension n, not
contained in a hyperplane. We recall that a sheaf F is m-regular, if the cohomology
groups H i(Pr,F (m− i)) are zero for i > 0. The smallest such m for the ideal sheaf IX
is called the regularity reg(X) of X, and it has the following properties:
(1) Hypersurfaces of degree ≥ m− 1 cut out a complete linear system on X.
(2) Higher cohomology groups H iOX(l) (i > 0) vanish for any l ≥ m− i− 1.
(3) The homogeneous ideal of X is generated by hypersurfaces of degree ≤ m; more
generally, the terms of the l-th syzygy of the minimal graded resolution of the
homogeneous ideal of X have degrees ≥ −m− l.
In the early 1980s, Gruson, Lazarsfeld and Peskine [8] investigated the regularity of
curves and suggested that under suitable conditions on X one might have
reg(X) ≤ deg(X) + 1− codim(X).
This bound would be sharp. There are examples of smooth rational scrolls with a
(deg(X) + 1− codim(X))-secant line, at least in the range r ≥ 2 dim(X) + 1 [11]. Such
varieties X cannot be cut out by hypersurfaces of degree deg(X) − codim(X), hence
their ideal sheaf cannot be (deg(X)− codim(X))-regular.
A lot of work focused on smooth varieties X of low dimension, e.g, the conjecture is
known for surfaces [11] and there exist close bounds for dim(X) ≤ 4 [9, 16]. For further
information, see [12] and [9].
The best available bounds for general X of arbitrary dimension involve a multiple of
the degree (Mumford [1]: reg(X) ≤ (n+ 1)(d− 2) + 2; Bertram, Ein and Lazarsfeld [3]:
reg(X) ≤ c(d − 1) + 1 with c = min(n+ 1, r − n)).
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Eisenbud and Goto [7] conjectured that the bound would hold for arbitrary reduced
and irreducible X, but this has been disproved by recent examples of McCullough and
Peeva [13].
Our contribution is a new sequence of bounds for the regularity of X which depend
linearly on the coefficients of the Hilbert polynomial of OX . They require nonsingularity.
Main Theorem. Let X ⊂ Pr be an n-dimensional non-degenerate smooth irreducible
complex manifold. Then we have
reg(X) ≤ −(r −m) +
n∑
k=0
(−1)n+k
(
m− 1
n− k
)
χ(OX(k + 1− n))
for any m with m0 ≤ m ≤ r, where
m0 =
{
2 n = 1
min(r, 2n − 1) n ≥ 2.
To put these bounds into perspective, we list three special cases:
(i) If X is a curve of degree d and genus g, then
reg(X) ≤ d+ 2 + (m− 2)g − r.
(ii) If X is a surface of degree d, sectional genus pi and Euler characteristic χ, then
reg(X) ≤ d+m(m− 3)/2 · (pi − 1)− (m− 2)(m− 3)/2 · χ− (r −m).
(iii) If X is ruled over a curve of genus g, embedded as a scroll of degree d, then
reg(X) ≤ d+ (m− 1− n)g + n− r + 1.
In each case, we formally recover the bound of the conjecture by setting m = 1 +
dimX. This is not surprising since our proof follows the strategy used by Lazarsfeld,
which would prove the conjecture in all dimensions, if we knew certain properties of a
general projection into Pn+1 (see 1.2 below).
For rational scrolls, our bound does not depend on m and is optimal (a result of
Bertin [2]; there is another proof by Kwak and E. Park [10]). For other scrolls, we
happen to recover recent bounds of Niu and J. Park [15], clarifying Bertin’s earlier work.
Both Bertin and Niu-Park analyze the intrinsic geometry of the scroll, in the spirit of
[8].
For general varieties, our bound should be compared with the bounds of Bertram-
Ein-Lazarsfeld resp. Mumford: It is linear in the coefficients of the Hilbert polynomial,
and a closer inspection reveals that the coefficient of the degree d in this sum is always
1. However, in any concrete example this advantage could be more than offset by
contributions from the additional terms.
The lower bound for m in Theorem A reflects our knowledge (or rather lack thereof)
about the geometry of the fibers of a general projection and is unlikely to be optimal.
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In the range 4n/3 < r ≤ 2n, m0 could be lowered, at the expense of a more complicated
bound (see (1.9) below).
Our proof of Theorem A is based on a cohomological vanishing pattern noted by
Lazarsfeld. It implies that the Beilinson spectral sequence for IX(1 − n) provides a
complex
0→ arO(−r)→ ar−1O(−r + 1)→ . . .→ a1O(−1)→ a0O → 0
whose only non-vanishing cohomology sheaf occurs at the position an+1O(−n − 1) and
is isomorphic to IX(1− n). Hence there is a short exact sequence
(∗) 0→ G (−n− 2)→ E (−n− 1)→ IX(1− n)→ 0
where the sheaf G is 0-regular, and the sheaf E is part of an exact sequence
(∗∗) 0→ E (−n− 1)→ anO(−n− 1)→ an−1O(−n)→ . . .→ a1O(−1)→ a0O → 0.
The sequence (∗∗) shows that E is locally free, and that its dual is 0-regular. The latter
implies a regularity bound for E and, via the sequence (∗), for IX .
It should be obvious that our bounds are not optimal, except for rational scrolls.
Our motivation for the results in this note was to find an approach to regularity bounds
which avoids studying the fibers of a general projection into Pn+1.
Further progress requires a new idea.
This paper is organized as follows. In section 1 we prove the main result. Section
2 discusses the geometry underlying the bundles E and related approaches. In the last
section we mention some open problems.
I am grateful to Wenbo Niu for his comments on an earlier version of the paper.
1. Proofs
Our approach produces regularity bounds for sheaves that fulfill certain cohomological
vanishing conditions. The following definition serves to separate these conditions from
the formal computation of the bounds. They will be verified for ideal sheaves of complex
projective manifolds in (1.3).
Definition 1.1. Let F be a coherent sheaf on Pr. F satisfies property (Ck) if the
following two conditions are satisfied:
(i) H iF (−i− 1) = 0 for i < k.
(ii) H iF (−i) = 0 for i > k.
Property (C0) is the same as being regular. We are interested in sheaves satisfying
(Ck) for some k > 0, and we will derive a bound on their regularity.
1.2 (Notation for linear projections). Let X ⊂ Pr be an irreducible complex manifold
of dimension n, not contained in a hyperplane, let IX be its ideal sheaf. Further, let
L ⊂ Pr be a linear subspace of dimension r −m− 1 not meeting X. Let p : P → Pr be
the blow up of Pr in L, and q : P → Pm be the linear projection from L, and f : X → Pm
the restriction of the projection. We assume the following:
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(i) f is finite,
(ii) R1q∗p
∗IX(2) = 0.
The second condition holds in particular if the fibers of the linear projection f have
length at most 3.
The following proposition also applies to IX(2) which can be viewed as the degen-
erate case L = ∅, p = q = idPr .
Proposition 1.3 (Lazarsfeld). Consider the situation described in (1.2). The sheaf
q∗p
∗IX(2) has property (Cn+1).
Proof. The vanishing conditions (i) have essentially been demonstrated by Lazarsfeld [11]
as the conditions (∗) in the proof of his Lemma 2.1. He reduces them to H0IX(1) = 0
(X is not contained in a hyperplane), H1IX = 0 (as X is reduced and irreducible) and
H iOX(−i) = 0 for 1 < i < n (a consequence of Kodaira vanishing).
Regarding the conditions (ii), we tensor the short exact sequence
0→ q∗p
∗
IX(2)→ q∗p
∗
OPr(2)→ f∗OX(2)→ 0
with OPm(−i) and find an exact sequence
H i−1f∗OX(2− i)→ H
i
(
q∗p
∗(IX(2)) ⊗ OPm(−i)
)
→ H i
(
q∗p
∗(OPr (2))⊗ OPm(−i)
)
.
As i− 1 > n = dim(X), the first term is zero. The third term also vanishes, as
q∗p
∗(OPr (2)) ∼= S
2
(
OPm(1)⊕ (r −m)OPm
)
∼= OPm(2)⊕ (r −m)OPm(1)⊕
(r+1−m
2
)
OPm .
Proposition 1.4. Let F be a coherent sheaf on Pr. If F has property (Ck), then
H i
(
F (−k) ⊗ Ωj
Pr
(j)
)
= 0
for i 6= k, any j.
Proof. We first claim that
H iF (j) = 0 for i < k, j ≤ −i− 1 and for i > k, j ≥ −i.
This can be established with similar arguments as in the proof of [12, 1.8.3(iii)], using
the canonical Koszul complex on Pr = P(V ):
(K•) 0→ ∧
r+1VP(−r − 1)→ . . .→ ∧
2VP(−2)→ VP(−1)→ OPr → 0
where VP = V ⊗ OPr .
To establish the desired vanishing, one tensors the truncated sequences
0→ Ωj → ∧jVP(−j)→ ∧
j−1VP(−j + 1)→ . . .(K
′
•)
(for i < k) resp.
. . .→ ∧j+2VP(−j − 2)→ ∧
j+1VP(−j − 1)→ Ω
j → 0.(K ′′• )
(for i > k) with F (j − k) and argues similarly. We leave the details to the reader.
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We recall the definition of the Beilinson spectral sequence:
The diagonal ∆ ⊂ Pr × Pr is the zero scheme of a section of the bundle B =
pr∗1OPr(1) ⊗ pr
∗
2TPr , hence O∆ is resolved by a Koszul complex
(B•) . . . ∧
2 (B∨)→ B∨ → OPr×Pr → O∆ → 0
The Beilinson spectral sequence for a sheaf F is the second quadrant spectral se-
quence associated with the truncated complex (B+• ) (which results from (B•) by replac-
ing O∆ with 0) tensored with pr
∗
2F , when applying pr1,∗ [12, B.1.5]:
Epq
1
= (Rqpr1,∗)
(
pr∗
2
(F ⊗ Ω−p(−p))
)
⊗ OPr (p) =⇒
{
pr1,∗
(
(pr∗2F ) ⊗ O∆
)
∼= F p+ q = 0
0 else.
Theorem 1.5. Suppose that the coherent sheaf F satisfies (Ck). The Beilinson spectral
sequence for F (−k) provides a complex
0→ arO(−r)
∂r→ ar−1O(−r + 1)
∂r−1
→ . . .→ a1O(−1)→ a0O → 0
whose only non-vanishing cohomology sheaf occurs at the position akO(−k) and is iso-
morphic to F (−k). Setting G = Im(∂k+1)⊗O(k + 1), E = Ker(∂k)⊗O(k), there is an
exact sequence
(∗) 0→ G (−k − 1)→ E (−k)→ F (−k)→ 0.
The sheaf G is 0-regular, and the sheaf E is locally free and is part of an exact sequence
(∗∗) 0→ E (−k)→ akO(−k)→ ak−1O(1 − k)→ . . .→ a1O(−1)→ a0O → 0.
Proof. Using proposition 1.3, we compute
Epq1 = H
q
(
F (−k) ⊗ Ω−p(−p)
)
⊗ OPr(−p)
=
{
Hk
(
F (−k) ⊗ Ω−p(−p)
)
⊗ OPr(−p) for q = k
0 for q 6= k
Hence Epq1 has nonzero entries only in the row q = k, and this row together with the
corresponding differentials yields the complex of the theorem. The remaining statements
of the theorem follow immediately.
Lazarsfeld’s approach in [11] implicitly uses the special case r = k = 3, where G = 0
and E = F = q∗p
∗IS(2).
For future reference, we denote ai = dimH
k
(
F (−k) ⊗ Ωi(i)
)
.
Remark 1.6. For an n-dimensional smooth complex manifold X, we set F = IX(2) and
obtain a “canonical” locally free resolution of IX :
(R•) 0→ arO(−r)→ . . .→ an+2O(−n− 2)→ E (−n− 1)→ IX(1− n)→ 0.
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Its dual provides a “canonical” locally free resolution of ωX
0→ O(n − 1)→ E ∨(n+ 1)→ an+2O(n+ 2)→ . . .→ arO(r)→ ωX(r + n)→ 0.
The last sequence shows that ωX(n) has a resolution with r − n − 1 linear steps in
the given embedding. In particular, ωX(n) is globally generated for any proper nonde-
generate projective submanifold X ⊂ Pr (i.e., excluding (X,OX (1) = (P
n,O(1)). This
recovers a result of Ein [4] which is used in Ein and Lazarsfeld’s investigation of syzygies
of smooth projective varieties of arbitrary dimension [5, p. 59].
Corollary 1.7. Assume that F satisfies (Ck), and let E be the vector bundle associated
with F in the previous theorem. Then we have
reg(F ) = reg(E ) ≤ −c1(E ) = −
k∑
i=1
(−1)iiak−i =
k−1∑
j=0
(−1)j
(
r − 1
k − 1− j
)
bj−k
where bi = (−1)
kχ
(
F (i)
)
.
Proof. The first equality follows from the 0-regularity of the sheaf G in (∗).
Regarding the inequality, we first of all note that the dual sequence to (∗∗) shows that
E ∨ is 0-regular. According to Lazarsfeld [11, 2.7], ∧jE ∨ is then also 0-regular for any j.
We now use that if E has rank m, then the non-degenerate pairing E ⊗∧m−1E → det(E )
implies that E ∼= ∧m−1E ∨ ⊗ det(E ), hence E is l-regular with l = −c1 det(E ) = −c1E .
c1(E ) is computed from the exact sequence (∗∗).
Regarding the last equality, we first note that
ai = dimH
k
(
F (−k) ⊗ Ωi(i)
)
= (−1)kχ
(
F (−k) ⊗ Ωi(i)
)
as all other cohomology groups of F (−k) ⊗ Ωi(i) vanish by (1.3).
We now tensor the complex
(K ′•) 0→ Ω
i → ∧iVP(−i)→ ∧
i−1VP(−i+ 1)→ . . .→ VP(−1)→ OPr → 0
with F (i − k), take Euler characteristics and find
χ
(
F (−k)⊗ Ωi(i)
)
=
i∑
j=0
(−1)j
(
r + 1
i− j
)
χ
(
F (j − k)
)
.
Therefore
c1(E ) =
k∑
i=1
(−1)iiak−i
=
k∑
i=1
k−i∑
j=0
(−1)i+ji
(
r + 1
k − i− j
)
bj−k
=
k−1∑
j=0
(−1)j
k−j∑
i=1
(−1)ii
(
r + 1
k − i− j
)
bj−k
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Setting l = k − j, the coefficient of bj−k is
(−1)j
l∑
i=1
(−1)ii
(
r + 1
l − i
)
which can be viewed as the coefficient of tl in the product of the formal power series
f(t) =
∞∑
i=0
(−1)iiti = t ·
d
dt
( ∞∑
i=0
(−1)iti
)
= t ·
d
dt
( 1
1 + t
)
= −
t
(1 + t)2
and
g(t) = (−1)j(1 + t)r+1,
hence agrees with the coefficient of tl in (f · g)(t) = (−1)j+1t(1 + t)r−1 as claimed.
Proof of the Main Theorem. We consider the situation described in (1.2): The sheaf
q∗p
∗IX(2) has property (Cn+1), and corollary (1.7) provides a bound for its regularity
in terms of the Euler characteristics χ
(
q∗p
∗IX(2)⊗OPm(i− 2)
)
for i = −n+1, . . . , 0, 1.
Setting b′i = χ(OX(i)), and considering bi = (−1)
n+1χ
(
q∗p
∗IX(2)⊗OPm(i−2)
)
, the
short exact sequence
0→ q∗p
∗
IX(2) ⊗ OPm(j − 2)→ q∗p
∗
OPr(2)⊗ OPm(j − 2)→ f∗OX(j)→ 0
shows that
(−1)n+1bj + b
′
j = χ
(
q∗p
∗
OPr(2)⊗ OPm(j − 2)
)
=


r + 1 for j = 1
1 for j = 0
0 for −m ≤ j < 0
Hence [11, 1.5] (for the first inequality) together with (1.7) (for the second inequality)
imply that
reg(IX(2)) ≤ reg
(
q∗p
∗
IX(2)
)
≤
n∑
j=0
(−1)j
(
m− 1
n− j
)
bj−n+1
= (m− 1)− (r + 1) +
n∑
j=0
(−1)n+j+1
(
m− 1
n− j
)
b′j−n+1.
Regarding the range for m, we refer to (1.9) below.
Examples 1.8. X ⊂ Pr denotes a non-degenerate smooth irreducible complex manifold.
We parametrize the Hilbert polynomial of X as follows:
χ(OX(z)) =
n∑
j=0
cj
(
z + j − 1
j
)
.
We note that cn = degX and cj(X) = χ(OX∩Hj ) where Hj is a general linear space of
codimension j.
We further assume that X can be projected linearly into Pm as described in (1.2).
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1. Let X be a curve of degree d and genus g. This implies c1 = d, c0 = 1− g, and we
calculate
reg(X) ≤ d+ 2 + (m− 2)g − r
2. Let X be a surface of degree d, sectional genus pi and Euler characteristic χ. This
implies c2 = d, c1 = 1− pi, c0 = χ, and
reg(X) ≤ d+m(m− 3)/2 · (pi − 1)− (m− 2)(m − 3)/2 · χ− (r −m)
3. Let X be ruled over a curve of genus g, embedded as a scroll with degree d. As
a general intersection with a linear space is again a scroll over a curve of genus g,
we find cn = d, cn−1 = . . . = c0 = 1− g, and
reg(X) ≤ d+ (m− 1− n)g + n− r + 1
Proof. 1. Curves: c1 = d, c0 = 1 − g imply b
′
1 = c1 + c0, b
′
0 = c0. Therefore
−c1(E ) = (m − r) − 2 −
(m−1
1
)
b′0 +
(m−1
0
)
b′1 = c1 − (m − 2)c0 − (r − m) − 2 =
d+(m−2)(g−1)−(r−m)−2 = d+(m−2)g−m+2−r+m−2 = d+(m−2)g−r.
2. Surfaces: c2 = d, c1 = 1−pi, c0 = χ imply b
′
1 = c0+c1+c2, b
′
0 = c0, b
′
−1 = −c1+c0.
Therefore −c1(E ) = m− r− 2+
(
m−1
2
)
b′−1−
(
m−1
1
)
b′0+
(
m−1
0
)
b′1 = c2+
(
−
(
m−1
2
)
+(
m−1
0
))
c1+
((
m−1
2
)
−
(
m−1
1
)
+
(
m−1
0
))
c0− (r−m)− 2 = d+m(m− 3)/2 · (pi− 1)−
(m− 2)(m − 3)/2 · χ− (r −m)− 2.
3. Scrolls over a curve: cn = d, cn−1 = . . . = c0 = 1 − g imply that χOX(z) =
d
(
z+n−1
n
)
+
∑n−1
j=0 (1 − g)
(
z+j−1
j
)
= d
(
z+n−1
n
)
+ (1 − g)
(
z+n−1
n−1
)
. Accordingly, b′j =
χOX(z) vanishes for −1 ≥ z ≥ 1−n, b
′
1 = d+n(1−g) and b
′
0 = 1−g. This leads to
−c1(E ) = (m−r)−2−
(m−1
1
)
b′0+
(m−1
0
)
b′1 = d+n(1−g)−(m−1)(1−g)−(r−m)−2 =
d+ (m− 1− n)(g − 1)− (r −m)− 2 = d+ (m− 1− n)g + n− r − 1.
1.9. Consider the situation described in (1.2), i.e, X ⊂ Pr is an irreducible nondegenerate
projective manifold, f : X → Pm the projection from a general linear subspace L.
Ran showed [17, 5.6] that the locus of fibres of f of length k or more has codimension
at least k(m− n) in Pm under either of the following conditions:
(1) dimL ≤ 1,
(2) dimL < r − n+min(2− n/3, 0).
This implies that a general projection has no fibers of length ≥ 4, if m > 4n/3 and
one of the following conditions holds:
(i) m = r − 1;
(ii) m = r − 2;
(iii) m > 2n− r +max(n/3− 2, 0).
If all fibers of the projection have length at most 3, then R1q∗p
∗IX(2) vanishes, and
the projection approach can be applied to bound the regularity of X.
Theorem A only uses the special case of a projection from P2n+1 into P2n−1. Given
X ⊂ Pr and r ≥ 2n + 1, X can be first projected isomorphically into P2n+1, and from
there into P2n−1. This corresponds to r = 2n+ 1 and case (ii) above.
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1.10. Considering the regularity bound as a linear function in the cj , the coefficient of the
highest power of z, cn = deg(X), only contributes to the term χ(OX(1)) corresponding
to k = n, hence appears in the bound with multiple (−1)2n
(m−1
0
)
= 1.
2. Geometry of the bundle E , and related approaches
2.1 (The splitting type of E ). A vector bundle E on Pr splits over any line L as a direct
sum EL = E⊗OL ∼= ⊕iOL(ai). The numerical type of the splitting and the corresponding
geometry of the lines of a particular splitting type are interesting invariants of E .
The vector bundles E constructed in (1.5) are subbundles of a trivial bundle, hence
ai ≤ 0 for all i. In addition
∑
i ai = c1E , thus ai = c1E −
∑
j 6=i aj ≥ c1E . If there is a line
L where the restriction of E has a direct summand O(c1E ), then clearly reg E = −c1E .
In a geometric situation, we have much stronger restrictions. Our calculation did
not use any of these, but they should eventually translate into better regularity bounds.
It turns out that the splitting type of a vector bundle E derived from the ideal sheaf
of a projective manifold X reflects the geometry of the multisecant lines of X which
contain at least 4 points (with multiplicity).
Proposition 2.2. Let E be the vector bundle corresponding to the ideal sheaf of a pro-
jective manifold X as in (1.5), and let EL = E ⊗OL ∼= ⊕iOL(ai) be its splitting type over
a line L.
(i) (r − n+ 1)− d ≤ ai ≤ 0 for all i.
(ii) We have
IX ⊗OL ∼=
{
N∨X/Pr ⊗ OL if L ⊂ X
OL(−l) if L 6⊂ X and l = length(OX∩L).
(iii) The kernel of the epimorphism EL → IX(2)⊗ OL is a direct sum of copies of OL
and OL(−1). The number of terms of OL(−1) in the sum is determined by the
requirement that
∑
i ai = c1E .
(iv) If L 6⊂ X and l = length(OX∩L) ≥ 2, then the epimorphism EL → IX(2) ⊗ OL =
OL(2− l) splits.
Proof. (i) As E is a subbundle of a trivial bundle, we have ai ≤ 0 for all i. Lemma (2.3)
shows (via induction) that the intersection of X with a general linear space of dimension
m = r− n+2 containing L will be a smooth irreducible nondegenerate surface S ⊂ Pm
with the same degree and codimension.
The sequence
(R•) 0→ arO(−r)→ . . .→ an+2O(−n− 2)→ E (−n− 1)→ IX(1− n)→ 0.
from (1.6) remains exact after restricting to Pm. As IS/Pm
(
d− (r− n− 1)
)
is globally
generated by Lazarsfeld’s solution of the surface case, we conclude that E
(
d− (r − n+
1)
)
⊗ OPm is also globally generated, hence the same holds for EL
(
d− (r − n+ 1)
)
.
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(ii) If L ⊂ X, then
IX ⊗ OL ∼= (IX ⊗ OX)⊗OX OL
∼= N∨X/Pr ⊗ OL.
If L 6⊂ X, then IX ⊗ OL is a subsheaf of OL, and the isomorphism follows from the
exact sequence
0→ IX ⊗ OL → OL → OX∩L → 0.
(iii) Restricting (R•) to L, we obtain an exact sequence
an+2OL(−1)→ EL → IX(2)⊗ OL → 0.
The kernel of the map on the right is torsionfree, hence locally free. By exactness it is
generated in degree 1 and it embeds into a trivial bundle. This excludes all possibilities
for direct summands except OL and OL(−1).
(iv) The exact sequence
0→ n1OL(−1)⊕ n2OL → EL → OL(2− l)→ 0
splits because
Ext1
(
OL(2− l), n1OL(−1)⊕ n2OL
)
= n1H
1
OL(l − 3)⊕ n2H
1
OL(l − 2) = 0
for l ≥ 2.
We note that the term OL(2−l) will only stand out in the splitting of EL, if 2−l ≤ −2,
i.e., if the line L meets X in at least 4 points.
The lower bound for ai in part (i) would follow immediately, if we knew that the
twisted ideal sheaf IX(d + 1 + n − r) is globally generated. Noma has investigated a
related stronger condition, whether a projective manifold can be cut out by cones of
degree d+ 1 + n− r, see [14].
Lemma 2.3. Let X ⊂ Pr be an irreducible nondegenerate projective manifold of dimen-
sion n ≥ 2, and let L ⊂ Pr be a linear subspace of dimension l that intersects X in a
subscheme of dimension ≤ s.
If n > s+ l, then the intersection H ∩X with a general hyperplane H containing L
is also smooth and irreducible.
Proof. Consider a point x ∈ X. The intersection H ∩X will be nonsingular in x, if H
intersects the embedded tangent space Tx transversely, i.e., if H does not contain Tx.
Hyperplanes containing L form a family of dimension r − l − 1, and the subfamily
containing Tx for a given point x ∈ L ∩ X has codimension dimTx/(L ∩ Tx) ≥ n − l.
As x varies in a family of dimension s, we find that the subfamily failing to intersect X
transversely, has codimension at least dimTx/(L ∩ Tx)− s ≥ n− l − s.
Conversely, if n− l− s > 0, then a general hyperplane containing L will intersect X
transversely in all points of L ∩X, hence will be nonsingular along L ∩X.
Nonsingularity of H ∩ X outside L and connectedness now follow from Bertini’s
theorem.
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2.4 (Beilinson free monads). Eisenbud, Fløystad and Schreyer [6, 8.11] constructed a free
monad corresponding to the Beilinson spectral sequence for arbitrary coherent sheaves.
It consists of a complex
0→ E−m → E−m+1 → . . .→ Em → 0
where
Ei =
m
⊕
p=0
H i−p
(
Ωp(p)⊗ q∗p
∗
IX(l)
)
⊗ O(−p)
with similar properties as our complex in (1.5), i.e., the complex is exact at all positions
except at E0, and the homology at this term is isomorphic to the given sheaf.
However, a concrete bound requires the knowledge of the cohomology groupsHq
(
F⊗
Ωp(p)
)
, and not just of the Hilbert polynomial. Key advantage of our choice is that, for
each p, all the cohomology Hj
(
Ωp(p)⊗ q∗p
∗IX(1−n)
)
groups vanish except the one for
j = n+ 1.
One can also consider monads corresponding to the second Beilinson spectral se-
quence which arises from the bundle B′ = pr∗1TPr ⊗ pr
∗
2OPr(1).
2.5 (Eliminating obstructions by extension). Suppose that the sheaf F satisfies (Ck). If
F (1) also satisfies (Ck), then the Beilinson spectral sequence for F (1 − k) will deliver
a better bound for the regularity of F than the sequence for F (−k).
The obstructions to a lower bound are the groups H iF (−i) for i < k. Starting with
the associated vector bundle E from Theorem (1.5), we can construct another vector
bundle E1 together with an epimorphism f : E1 → E with the following properties:
(i) f induces an isomorphism H iE1(l) → H
iE (l) on all intermediate cohomology
groups for 1 ≤ i ≤ r − 1 and l > −i.
(ii) H iE1(−i) = 0 for all i < r, i.e., E
∨
1 is (−1)-regular.
To find E1, one uses descending induction on i. One easily checks that
H iE (−i)′ ∼= Extn−i(E (−i),O(−r − 1))
∼= Ext1
(
E (−i),∧r−i−1T ⊗ O(−r − 1)
)
∼= Ext1
(
E ,∧r−i−1T ⊗ O(i− r − 1)
)
and replaces E successively by the corresponding extensions.
For details, see [18].
2.6 (Cubics). Working with IX(3) instead of IX(2) changes the requirements and the
results of our calculation as follows:
(i) The projection requires f to be finite and the weaker vanishing of R1q∗p
∗IX(3).
This means that the projection requires only that H1IX∩L(3) vanishes for each
fiber of f . Hence we obtain bounds for a wider range of m.
(ii) In line with (2.5), the regularity bound changes by
− rkE + h0IX(2) +
(m−1
1
)
h1IX(1) +
(m−1
2
)
h1OX .
12 Ju¨rgen Rathmann
The theorems of Zak [12, 3.4.25] and Barth [12, 3.2.1] provide numerical conditions for
the vanishing of H1IX(1) and H
1OX in low codimension, leading to improved bounds.
Further improvements along the same line require conditions for the vanishing of
H1IX(2), H
1OX(1) and H
2OX , but these are only known for the last of the three
terms.
3. Open problems
3.1 (The advantage of projections). The regularity is a measure for the size of the higher
cohomology modules ⊕lH
iIX(l), (i ≥ 1) of ideal shaves. If we project X into a lower-
dimensional projective space, then the higher cohomology modules of q∗p
∗IX , as com-
plex vector spaces, do not change (for i ≥ 2) or possibly even increase (for i = 1). Hence
the regularity of the projected sheaf q∗p
∗IX(2) can be no better than the regularity of
IX(2).
However, in our examples (and probably in general) the calculated regularity bound
improves under projection.
Is there a good explanation for this counter-intuitive behavior?
3.2 (Linear normality). Let X ⊂ Pr as usual with ideal sheaf IX , and suppose that X
arises by linear projection from X ′ ⊂ Pr
′
with corresponding ideal sheaf IX′ .
For i ≥ 2, we have H iIX(l) ∼= H
i−1OX(l), and these cohomology groups do not
depend on whether the embedding is linearly normal.
For i = 1, the short exact sequence
0→ IX(1)→ q∗p
∗
(
IX′(1)
)
→ O
⊕(r′−r)
Pr
→ 0
shows:
(i) The induced map of graded SV -modules
⊕
l
H1IX(l)→ ⊕
l
H1
(
q∗p
∗
(
IX′(1)
)
⊗ OPr(l − 1)
)
is surjective.
(ii) The kernel of this map (which we denote ⊕lK(l)) is generated by r
′ − r elements
of degree 1.
Hence it suffices to obtain vanishing bounds for ⊕lK(l) and for ⊕lH
1
(
q∗p
∗
(
IX′(1)
)
⊗
OPr(l − 1)
)
.
We wonder whether the following hold:
1. K(l) = 0 for l ≥ r′ − r + 1,
2. H1
(
q∗p
∗
(
IX′(1)
)
⊗ OPr (l − 1)
)
= H1IX′(l).
If true this would reduce the conjecture to the case of linearly normal projective
embeddings.
3.3 (Linear projections). Suppose X ⊂ Pr is projected from a linear subspace L into
Pm, and choose coordinates in Pr such that L is defined by T0 = T1 = . . . = Tr−m−1 = 0.
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If the map of sheaves
q∗p
∗
IX(2) ⊗ OPm(l − 2)→ f∗OX(l)
is surjective on global sections for l ≫ 0, then every section of OX(l) is induced by a
hypersurface of Pr of the form∑
PijTiTj +
∑
QiTi +R (r −m ≤ i, j ≤ r)
for this fixed set of coordinates, where Pij ∈ H
0OPm(l − 2), Qi ∈ H
0OPm(l − 1) and
R ∈ H0OPm(l) (see [11, 1.5]).
This assumption may be too optimistic, in particular for X of low codimension. A
more promising assumption might be the following:
(A) For every section of OX(l), there exist coordinates in P
r such that the section is
induced by a hypersurface of the form above.
To investigate this question, one should study all linear projections simultaneously.
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